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 A B S T R A C T

Woven shell structures are beneficial for applications requiring lightweight, damage resilience, and design 
tunability, such as in wearable devices, soft robotics, and aerospace systems. A fundamental component of 
woven structures is the woven column. While the mechanical properties of a woven column can be determined 
using sophisticated finite element (FE) simulations, these FE models are computationally expensive and do not 
explain the underlying mechanics behind scaling relationships. In this work, we derive purely analytical models 
for the buckling load and stiffness of woven columns, and discuss the criteria that lead to different buckling 
modes of the woven columns. The simulated results based on our models closely match experimental data 
across various weave design parameters. This work advances our understanding of the mechanics of woven 
systems and serves as a baseline for the design of next-generation hierarchical structures and materials.
1. Introduction

The long-standing craft of weaving has gained traction in modern 
engineering due to its mechanical strength, damage tolerance, and 
lightweight properties. These intrinsic benefits of weaving make it suit-
able for smart material devices, soft robotics, aerospace applications, 
and more [1–5]. The plain weave (Fig.  1a), in which perpendicular 
weavers alternate over and under each other, is the most commonly 
implemented pattern. This simple weave pattern achieves tight in-
terlocking of material, making for strong and durable structures [6]. 
Previous work shows that plain woven 3D shell structures have much 
greater resilience [1] yet they share similar stiffness to their continuous 
counterparts, as demonstrated in Fig.  1b.

Similar to the continuous cylindrical shell, the woven column is 
a fundamental unit of 3D woven shell structures. Cylindrical shell 
buckling has been widely studied, and there exist closed-form solutions 
for their behaviors [7–9]. Woven column buckling behaviors, however, 
are more complicated due to local interactions between weavers (Fig. 
1c). Recent work on woven materials has focused on implementing 
finite element analysis techniques [10–13] and semi-analytical model-
ing [14–16] to determine mechanical properties such as stiffness and 
buckling behaviors. These models require large computational power, 
and unlike an analytical model, they can only provide limited insight 
on the underlying mechanics of the system behavior. Moreover, the me-
chanical behavior of the cylindrical woven column unit has remained 
unexplored.
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In this work, we derive purely analytical models for the stiffness 
and buckling forces of woven columns. Through physical experiments 
we explore the axial behavior of the column and verify the analytical 
models. We then classify global and local buckling modes of woven 
columns, and determine relationships between the buckling mode and 
the width of weavers. Our models and findings explain scaling laws 
where the stiffness and buckling load of woven columns change with 
the thickness and width of weavers. This work provides tools for choos-
ing suitable weaver parameters for 3D woven column structures when 
they are to be designed for various potential engineering applications.

2. Mechanical model derivation

We use fundamental mechanics theory to derive models for the 
stiffness and critical buckling loads of a thin-walled, tightly woven 
column. These models are based on geometric parameters and material 
properties of the vertical and horizontal weavers we use to fabricate 
the columns.

2.1. Buckling of woven columns

We model the horizontal and vertical weavers in parallel, as shown 
in Fig.  2a.  We assume that there is no nonlinear mechanical cou-
pling, such as friction, between the weavers. Therefore, the vertical 
and horizontal weavers both behave linearly according to the physics 
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Fig. 1. Overview of the woven columns and their buckling behaviors which are explored in this work. a. Fabrication of a plain woven column, which is a 
fundamental unit for 3D woven shell structures. We assemble the vertical and horizontal weavers (left) into a woven column (right) using a plain weave pattern. 
b. A comparison shows that a woven column (top) does not experience permanent damage after buckling, whereas a continuous column (bottom) made with 
the same amount of material experiences plastic deformation and fracture. c. Buckling modes of twelve different woven columns, where localized out-of-plane 
deformations of weavers contribute to buckling of the columns. The buckling pattern is dependent on the parameters of the vertical and horizontal weavers. Scale 
bars are 5 cm.
defined in our model. By linear superposition, the critical buckling 
load of a woven column is the sum of the critical load of its vertical 
weavers and that of its horizontal weavers: 𝑃𝑐𝑟, 𝑡𝑜𝑡𝑎𝑙 = 𝑃𝑐𝑟, ℎ + 𝑃𝑐𝑟, 𝑣. 
We first consider the critical load of vertical weavers 𝑃𝑐𝑟, 𝑣. To simplify 
our model, we assume that the adjacent vertical weavers in a woven 
column initially buckle independently. Furthermore, by assuming a 
tightly woven cylinder, each segment of a vertical weaver along its 
length also behaves independently. Illustrated in Fig.  2c, the buckling 
force of a vertical weaver is then governed by the buckling force of 
a singular segment of length 𝑤ℎ. The load on a weaver with a small 
initial out-of-plane displacement can be approximated by the buckling 
force of an initially straight weaver since this force is minimally greater. 
Based on the Euler buckling theory, 𝑃𝑐𝑟, 𝑣 is dependent on the width of 
vertical weavers 𝑤𝑣, the thickness of vertical weavers 𝑡𝑣, and the width 
of horizontal weavers 𝑤ℎ (which is also the length of each segment of 
a vertical weaver) [17]: 

𝑃𝑐𝑟, 𝑣 = 𝑛𝑣
𝜋2𝐸 ⋅𝑤𝑣𝑡3𝑣

𝑤2
ℎ

, (1)

where 𝑛𝑣 is the total number of vertical weavers and 𝐸 is the Young’s 
modulus of the material.

Next, we consider the critical buckling load of the horizontal
weavers 𝑃𝑐𝑟, ℎ. These weavers are assumed to be short cylindrical shells 
with axisymmetric sinusoidal initial perturbations. Based on previous 
research on thin-walled cylinders [7], the critical buckling load of 
a horizontal weaver is dependent on its normalized thickness 𝑡ℎ∕𝑅
(where 𝑡ℎ is the thickness of horizontal weavers and 𝑅 is the radius 
of the woven column) and the surface area of the horizontal weaver 
𝐴𝑓 . We use Koiter’s knockdown factor 𝛽 to account for the influence of 
the initial sinusoidal perturbation on the buckling load [8]: 

𝑃𝑐𝑟, ℎ = 𝛽 ⋅
𝐸(𝑡ℎ∕𝑅)

√

3(1 − 𝜈2)
⋅ 𝐴𝑓 , (2)

where 𝜈 is the Poisson’s ratio. Axisymmetric sinusoidal perturbations 
greatly reduce the buckling force compared to a perfect cylindrical 
shell. To account for this influence, Koiter’s knockdown factor 𝛽 is 
solved implicitly using material parameters and the imperfection per-
turbation size 𝛿ℎ shown in Fig.  2c [8,18]: 

𝛽 ⋅
( 𝛿ℎ
𝑡ℎ

)

=
( 4
27

(1 − 𝜈2)
)1∕2

(1 − 𝛽)2. (3)

The perturbation term 𝛿ℎ in Eq. (3) is calculated by approximating the 
horizontal weaver as a polygonal section with 𝑛𝑣 sides where the length 
of each side is 𝑤𝑣. Then 𝛿ℎ is the average distance of this polygon from 
a circle of equal circumference. Equivalently, we take half the distance 
between its maximum and minimum radii as in Fig.  2c to calculate the 
2 
𝛿ℎ: 

𝛿ℎ = 1
2

(

𝑤𝑣

2 sin( 𝜋
𝑛𝑣
)
+

𝑤𝑣

2 tan( 𝜋
𝑛𝑣
)

)

. (4)

We compute the buckling force of the horizontal weavers using 
Eqs. (2), (3), and (4). We then add it to the buckling force of the 
vertical weavers Eq. (1) to obtain the buckling force of the entire woven 
column.

2.2. Stiffness of woven columns

We model the vertical and horizontal weavers as springs in parallel 
with stiffnesses 𝑘𝑣 and 𝑘ℎ (Fig.  2a).  As in our critical force model, we 
assume that there is no nonlinear mechanical coupling, such as friction, 
between the weavers. Then, the vertical and horizontal weavers both 
behave linearly according to the physics defined in our model.  We 
can then assume that the stiffness of a woven column is the sum: 
𝑘𝑡𝑜𝑡𝑎𝑙 = 𝑘ℎ + 𝑘𝑣. We first consider the vertical weaver stiffness 𝑘𝑣. 
We assume that the vertical weavers deform sinusoidally as they are 
compressed, and that bending deformations store significantly more 
energy than axial deformations. All vertical weavers act in parallel 
and resist bending deformations. The slender vertical weavers mainly 
bend about the favored axis of bending (the horizontal axis), but they 
also bend about the less favored axis of bending (the vertical axis). 
Therefore, the vertical weavers take on a curved cross-section due to 
the nature of weaving, and this pre-curvature increases their stiffness 
significantly by a factor 𝛼 [19–21]. We balance forces and moments 
at the location of the greatest perturbation (as in Fig.  2c) to obtain a 
dependence of the axial load of the weaver 𝑃𝑣 on flexural rigidity 𝐸𝐼 , 
number of vertical weavers 𝑛𝑣, out-of-plane curvature of the weaver 𝜅, 
and linear displacement perturbation 𝛿𝑣. Note that 𝜅 and 𝛿𝑣 are both 
functions of the axial displacement 𝛥. We calculate the stiffness as the 
derivative of axial load with respect to axial displacement: 

𝑘𝑣 = 𝛼 ⋅
𝑛𝑣
𝑛ℎ

⋅
𝑑
𝑑𝛥

(

𝐸𝐼
𝜅(𝛥)
𝛿𝑣(𝛥)

)

(5)

The factor 𝛼 accounts for the significant effect of curvature induced 
stiffness [19–21], which increases with vertical weaver width. We apply 
Pini’s equation [19] to the vertical weaver segments, using the radius of 
the woven column 𝑅, curvature of the vertical weavers 𝜅, and Poisson’s 
ratio 𝜈: 

𝛼 =
𝑤4

𝑣

60𝑡2𝑣

(

𝜅 − 𝜈
𝑅
)2 + 1 (6)

We assume that the out-of-plane displacement 𝛿𝑣 is small and that 
each vertical weaver deforms sinusoidally with 𝑛ℎ half-waves. We 
determine the maximum curvature 𝜅 of the vertical weavers using the 
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Fig. 2. Derivation of the stiffness and the buckling load of a woven column. a. Schematic of the horizontal and vertical weavers as vertical springs in parallel, 
and individual units as vertical springs in series. b. Schematic of the vertical weavers. Each segment of a vertical weaver is modeled as an independent column 
undergoing buckling. To derive stiffness, the inner force and bending moment are analyzed at locations of maximum curvature. c. Schematic of the horizontal 
weavers. Horizontal weavers are modeled as axisymmetric sinusoidally perturbed cylindrical shells stacked on top of one another. The horizontal cross-section is 
approximated as a polygon with 𝑛𝑣 sides. Given a cross-section, the perturbation 𝛿ℎ is derived by averaging 𝑅𝑚𝑎𝑥 and 𝑅𝑚𝑖𝑛. The contact area 𝐴 for deriving the 
horizontal stiffness is taken as the total contact area between adjacent horizontal weavers.
curvature formula [22], with the vertical weaver length being 𝑛ℎ𝑤ℎ. 
At the location where the maximum curvature occurs, the curvature 
reduces to 

𝜅 = 𝛿𝑣
( 𝑛ℎ𝜋
𝑛ℎ𝑤ℎ − 𝛥

)2
. (7)

Because 𝜅 ∝ 𝛿𝑣 in Eq. (7), the derivative in Eq. (5) simplifies without 
further calculation of 𝛿𝑣.  Furthermore, we substitute 𝐼 = 1

12𝑤𝑣𝑡3𝑣, 
𝑅 = 𝑛𝑣𝑤𝑣

2𝜋 , and combine Eqs. (5), (6), and (7) into Eq. (8), which can be 
approximately described by the relationship 𝑘𝑣 ∝ 𝑛𝑣𝑤5

𝑣𝑡𝑣
𝑛2ℎ𝑤

3
ℎ
. 

𝑘𝑣 = 𝐸
6

𝑛𝑣𝑤𝑣𝑡3𝑣𝑛ℎ𝜋
2

(𝑛ℎ𝑤ℎ − 𝛥)3
⋅
( 𝑤4

𝑣

60𝑡2𝑣

(

𝛿𝑣(
𝑛ℎ𝜋

𝑛ℎ𝑤ℎ − 𝛥
)2 − 2𝜋𝜈

𝑛𝑣𝑤𝑣

)2 + 1
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Correction factor 𝛼

. (8)

Horizontal weavers are modeled in series with one another with 
axial deformation in response to loading. The contact area 𝐴 = 𝑛𝑣𝑡2ℎ is 
the area between vertical weavers where adjacent horizontal weavers 
make contact, as shown in Fig.  2c. Thus, the contribution of the 
horizontal weavers to stiffness is 

𝑘ℎ =
𝐸𝑛𝑣𝑡2ℎ
𝑛ℎ𝑤ℎ

. (9)

We sum Eqs. (8) and (9) to obtain the overall stiffness of a woven 
column.

3. Fabrication and experimental methods

We conducted a parametric study and validated our models through 
experimentation on woven cylindrical column samples. We constructed 
samples varying: (1) vertical weaver thickness 𝑡𝑣, (2) horizontal weaver 
thickness 𝑡ℎ, (3) vertical weaver width 𝑤𝑣, (4) horizontal weaver width 
𝑤ℎ, and (5) sample height ℎ. We construct a base woven column with 
𝑡𝑣 = 𝑡ℎ = 0.191 mm, 𝑤𝑣 = 𝑤ℎ = 20 mm, and ℎ = 140 mm. We then 
conduct five experiments, each keeping one parameter constant and 
varying the other four (Table  1).  The sample height ℎ is varied by 
changing the number of horizontal weavers 𝑛ℎ without changing any 
other parameters. 

Our samples are woven by hand from vertical and horizontal strips 
of Mylar® polyester connected by a vertical seam of split pins (Fig. 
3a). For studies with consistent vertical weaver thickness, we cut the 
vertical weavers from a continuous Mylar® sheet and leave a 10 mm 
connection at the top and bottom (Fig.  3a). This connection at the two 
ends assists fabrication and facilitates consistency in spacing, but may 
cause varying end effects when the vertical weaver thickness varies. In 
3 
Table 1
Woven column parameters for parametric studies on 𝑡𝑣, 𝑡ℎ, 𝑤𝑣, 𝑤ℎ, and 𝑛ℎ. 
Weaver spacing parameters 𝑑𝑣 and 𝑑ℎ are chosen based on respective weaver 
thicknesses 𝑡𝑣 and 𝑡ℎ. 
 𝑡𝑣 [mm] 𝑡ℎ [mm] 𝑤𝑣 [mm] 𝑤ℎ [mm] 𝑛ℎ 𝑑𝑣 [mm] 𝑑ℎ [mm] 
 0.191 0.191 10 20 6 0.100 0.100  
 0.191 0.191 12 20 6 0.100 0.100  
 0.191 0.191 15 20 6 0.100 0.100  
 0.191 0.191 20 20 6 0.100 0.100  
 0.191 0.191 24 20 6 0.100 0.100  
 0.191 0.191 30 20 6 0.100 0.100  
 0.191 0.191 40 20 6 0.100 0.100  
 0.191 0.191 20 10 6 0.100 0.100  
 0.191 0.191 20 12 6 0.100 0.100  
 0.191 0.191 20 15 6 0.100 0.100  
 0.191 0.191 20 24 6 0.100 0.100  
 0.191 0.191 20 30 6 0.100 0.100  
 0.191 0.191 20 40 6 0.100 0.100  
 0.102 0.191 20 20 6 0.053 0.100  
 0.254 0.191 20 20 6 0.133 0.100  
 0.356 0.191 20 20 6 0.186 0.100  
 0.191 0.102 20 20 6 0.100 0.053  
 0.191 0.254 20 20 6 0.100 0.100  
 0.191 0.356 20 20 6 0.100 0.186  
 0.191 0.191 20 20 3 0.100 0.100  
 0.191 0.191 20 20 9 0.100 0.100  
 0.191 0.191 20 20 12 0.100 0.100  

our parametric study where the thickness of vertical weavers varies, 
we instead connect vertical weavers using two additional rows of split 
pins (Fig.  3b). We maintain consistent tightness of the weaving across 
all samples by scaling the spacing between weavers proportionally to 
the thickness of the weavers, as outlined in Table  1.

We obtained the experimental buckling force, stiffness, and quali-
tative buckling mode for each woven sample using plate-to-plate com-
pression loading between two acrylic plates (Fig.  3b, c, and d). The 
samples were compressed at a rate of 15 mm/min using a Mark-10®
ESM 1500 single-column tabletop testing system with a 250 N load cell. 
Force and displacement are recorded at a sampling rate of 20 Hz until 
a global maximum force is reached. To account for precision error in 
sample fabrication, we tested three identical samples of each variation 
and calculated the average values and error ranges.

We observed that many of the columns exhibit a behavior in which 
smaller peaks,  which we will later define as ‘‘local buckling’’,  are 
reached before buckling. Due to this, the average slope before buckling 
is an underestimate for the stiffness of these columns. We choose 
buckling force as the peak load experienced, and stiffness as the maxi-
mum instantaneous slope before buckling (Fig.  3e).  This instantaneous 
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Fig. 3. Fabrication of woven columns and the test setup. a. Assembly of a column where vertical weavers are connected at the top and bottom. This design 
maintains consistent spacing in samples, but can only be used for testing in which the thickness of vertical weavers remains constant. Scale bars are 4 cm. 
b. Assembly of a column where vertical weavers are mechanically joined using split pins at the top and bottom of horizontal weavers. This design maintains 
consistent end effects, and is only used in a few of our tests where vertical thickness varies. Scale bars are 4 cm. c. Test setup using Mark-10® ESM 1500 
single-column tabletop testing system. d. Schematic for plate-to-plate compression loading of woven columns. Vertical and horizontal weavers are both assumed 
to be deformed with sinusoidal deflections. e. A typical force–displacement curve obtained from an experiment with the buckling force and stiffness measured.
maximum stiffness most accurately captures the stiffness between local 
buckling events while also being able to capture an approximate av-
erage when there are no local buckling events.  We applied a linear 
fit over every 1 mm displacement range of the data and identified the 
range with the maximum slope, which we defined as the stiffness. The 
displacement range of 1 mm was chosen because it is large enough to 
eliminate noise within small displacements, and it is small enough to 
accurately capture peak stiffness. We visually confirmed all stiffness 
calculations by plotting a short line at the location of the maximum 
stiffness and validating the selected range (Fig.  3e).

4. Results

Based on our parametric studies, we observed and classified the 
different buckling modes of woven columns. We compared our mechan-
ical models for the buckling force and stiffness of woven columns to 
experimental data.

4.1. Buckling mode classification

In our parametric study, we vary the widths of vertical and hori-
zontal weavers. We observed a strong correlation of buckling behavior 
with the weaver widths (Fig.  4a). We define the buckling behavior 
of a column as local if it experiences any local maxima in its force–
displacement curve before 95% of the buckling force is reached. We 
define these local maxima as force values in which all forces within a 
±0.4 mm displacement range are less than 93% of the local maximum 
value (Fig.  4c). We define the buckling behavior of the column as global 
if it does not exhibit these local maxima before peak buckling is reached 
(Fig.  4b). By using this criterion to distinguish local and global buckling 
modes, we find that for 𝑤𝑣 much larger than 𝑤ℎ, local buckling is more 
often experienced. For 𝑤ℎ much larger than 𝑤𝑣, global buckling is more 
often experienced. Based on our experiment, the boundary between 
these two regions is dependent on both 𝑤  and 𝑤 .
𝑣 ℎ

4 
We observed that the post buckling shape of a column is correlated 
with whether it buckles globally or locally. For the columns that 
experience the global buckling mode, under large deformations the 
horizontal and vertical weavers tend to deform together, typically into 
a diamond pattern (Fig.  4b). Even for this global buckling scenario, we 
believe that local buckling of vertical and horizontal weavers remains 
the precipitating factor, consistent with our assumptions in Section 2. 
For local buckling modes, initial buckling occurs in multiple locations 
before the system reaches a peak load (Fig.  4c). At the failure of a struc-
ture undergoing local buckling, these segments fail simultaneously, 
consistent with our assumptions in Section 2. We observe more global 
buckling in columns with wider horizontal weavers and narrower 
vertical weavers because these patterns allow the cylinder to buckle 
between horizontal boundaries. Meanwhile, when vertical weavers are 
wider and horizontal weavers are narrower, the curvature-stiffening 
effects of the vertical weavers counteracts buckling across horizontal 
boundaries, which results in more complicated local behaviors in post 
buckling behavior.

For columns experiencing global buckling, the force–displacement 
behavior before peak load is more predictable than for locally buckling 
columns. Therefore, applications requiring repeatable or predictable 
deformation such as in buckling-enabled soft robotics or mechanical 
computing may benefit from woven structures that undergo a global 
buckling mode. Our results suggest that the desired buckling modes for 
3D woven structure can be specifically designed by adjusting the widths 
of the vertical and horizontal weavers.

4.2. Scaling relationships of buckling load

The buckling force of a woven column increases with both the 
thicknesses of its vertical and horizontal weavers, as validated in Fig. 
5a and b. In our model, buckling force increases proportionally to 
the thickness of vertical weavers cubed (𝑃 ∝ 𝑡3), resulting from the 
cr 𝑣
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Fig. 4. Comparison of buckling modes. a. Depending on the widths of horizontal and vertical weavers in a woven column, the buckling mode of the column 
switches between global and local modes. A preliminary division between global and local modes is also approximated linearly. b. Typical force–displacement 
curve for a column that experiences global buckling into a diamond pattern, with no pre-buckling behavior observed. c. Typical force–displacement curve for a 
column that experiences local buckling, where pre-buckling is observed, and local force maxima occur before a peak force is obtained.
Fig. 5. Log–log scale: Influence of design parameters on buckling forces of woven columns. Buckling force with respect to: a. Vertical weaver thickness, b. 
Horizontal weaver thickness, c. Column height, d. Vertical weaver width, e. Horizontal weaver width. f. Schematic of all design parameters.
relationship of vertical weaver buckling force to the second moment of 
inertia (Fig.  5a). By comparing our experimental results on a log–log 
scale, we observe that the cubed factor may be larger than the true 
factor (Fig.  5a). The error in our buckling force model with respect to 
our horizontal thickness experiment is 30%, with the main source of 
error being from this factor (Table  2). Buckling force increases with 
the thickness of horizontal weavers as a result of the horizontal weaver 
buckling force component (Fig.  5b). Based on comparisons to our exper-
imental data, our model underestimates 𝑃𝑐𝑟,ℎ, but its the vertical weaver 
buckling force component matches the trend of the data. The error 
in our buckling force model with respect to our horizontal thickness 
experiment is 30%, with the main source of error being from this 
underestimation (Table  2).
5 
Shown in Fig.  5d and e, our buckling force model is compared to ex-
perimental data varying the widths of vertical and horizontal weavers. 
Increases in the width of vertical weavers 𝑤𝑣 cause greater initial 
sinusoidal imperfections in horizontal weavers, making the horizontal 
weavers and the entire column more prone to buckling (Fig.  5d). By 
comparing our model, we see that our vertical weaver buckling force 
component decreases at a larger rate than in reality. The error in our 
buckling force model with respect to our horizontal thickness experi-
ment is 23%, with the main source of error being from this discrepancy 
(Table  2). When the width of horizontal weavers 𝑤ℎ is varied, our 
idealized model predicts that for small widths of horizontal weavers, 
the vertical weavers will experience higher-order sinusoidal wave pat-
terns and higher buckling forces (Fig.  5e). In reality, inconsistencies in 
weaving allow for weak spots where the vertical weavers form uneven 
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waves and the resulting buckling force is lower than predicted. These 
defects become more likely when horizontal weavers are less wide 
and vertical weavers have more segmental waves, so a realistically 
fabricated column will not experience substantial increases in buckling 
forces as the horizontal weaver widths become small (Fig.  5e). This 
effect on buckling force is most apparent in our data when horizontal 
and vertical widths are both less than 15 mm. In contrast, when the 
width of horizontal weavers 𝑤ℎ increases, the vertical weavers have 
few segmental waves and the buckling force approaches 𝑃𝑐𝑟,ℎ. Our 
model underestimates the value of 𝑃𝑐𝑟,ℎ, but it accurately captures the 
approach to a constant value for large 𝑤ℎ (Fig.  5e). The error in our 
buckling force model with respect to our horizontal width experiment 
is 33%, with the main source of error being from this underestimation 
(Table  2).

When considering the column height, there is a negligible effect on 
the buckling force compared to other parameters (Fig.  5c). Our model, 
similar to classical models for cylindrical shell buckling [8], does not 
account for the height of the column, so it matches this trend well. This 
result further supports our initial assumption, where local buckling of 
the vertical and horizontal weavers, rather than global system buckling, 
drive the behavior of the system. The error in our buckling force model 
with respect to our horizontal width experiment is 30%. We believe the 
main source of error is from underestimating the horizontal buckling 
force because we know that this quantity is underestimated based on 
our horizontal width and thickness experiments (Table  2).

4.3. Scaling relationships of stiffness

The stiffness of the woven column increases with respect to both its 
vertical and horizontal weaver thicknesses, as validated in Fig.  6a and 
b. By increasing vertical weaver thickness 𝑡𝑣, we increase the bending 
modulus of the vertical weavers by a factor of thickness cubed 𝑡3𝑣, 
resulting in a stiffer structure (Fig.  6a). The error in our buckling force 
model with respect to our vertical thickness experiment is 5%, and we 
believe that our model accurately captures the effect of this parameter 
(Table  2). Our model predicts that we increase the horizontal weaver 
stiffness proportionally to their thickness squared (𝑘ℎ ∝ 𝑡2ℎ) because the 
contact area between adjacent horizontal weavers increases with the 
thickness squared (Fig.  6b). This trend agrees with experimental data, 
with a relative error of 16% (Table  2).

Shown in Fig.  6d and e, our stiffness model is compared to ex-
perimental data varying vertical and horizontal weaver width. As the 
vertical weaver width 𝑤𝑣 increases, the vertical weavers exhibit more 
curvature about the less favored vertical axis of bending, resulting in 
additional curvature-induced stiffness from the vertical weavers (Fig. 
6d). As 𝑤𝑣 decreases, the contact area between horizontal weavers 
increases, resulting in increased stiffness due to the horizontal weaver 
component of stiffness. Based on our direct comparison and in Fig.  6d 
and log–log comparison in Fig.  6d, we believe that our model may 
overestimate the effects of 𝑤𝑣 smaller or larger than in the tested 
range. The model matches the data with a relative error of 16%, 
with the primary source of error being from an overestimation when 
compared against the smallest and largest tested widths (Table  2). As 
the horizontal weaver width 𝑤ℎ decreases, the vertical weavers have 
smaller periods with greater curvature relative to displacement, and 
thus higher stiffness (6e). As best seen in log–log scale, our model 
overestimates the power of 𝑤ℎ which 1

𝑘𝑣
 is proportional to, which 

causes a great overestimate of 𝑘 for small 𝑤ℎ. Additionally, it may be 
the case that 𝑘 increases for large 𝑤ℎ rather than approaching 𝑘ℎ. We 
believe this could be due to effects such as friction losses between the 
horizontal weavers during loading, which we assume to be negligible 
in our model. The error in our stiffness model with respect to the 
horizontal width experiment is 65%, which the primary source being 
the overestimate for small 𝑤ℎ. When taken only based on 𝑤ℎ > 12, the 
relative error decreases to 28% (Table  2).
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Table 2
Buckling force model error relative to data from each parametric study.
 Parameter 𝑡𝑣 𝑡ℎ ℎ 𝑤𝑣 𝑤ℎ 
 Error in buckling force model (%) 15 30 30 23 33 
 Error in stiffness model (%) 5 16 36 16 65 

When considering the height of the columns in Fig.  6c, the stiffness 
increases for shorter columns due to the contribution of the horizontal 
weavers. The stiffness increases exponentially for shorter columns be-
cause when keeping 𝑤ℎ constant, we have ℎ ∝ 𝑛ℎ hence the relationship 
follows from 𝑘ℎ ∝ 1

𝑛ℎ
. Shown in our log–log comparison in Fig.  6c, our 

model overestimates the power in which 𝑘ℎ is proportional to 1ℎ , which 
is the primary source of the 36% error in Table  2.

5. Discussions

5.1. Evaluation of analytical model

The purpose of our analytical model is to address the dominant 
physics of the buckling of woven columns. The model matches over-
all buckling and stiffness trends, supporting our mechanics theory. 
Limitations of our simplified approach are reflected in the relative 
errors presented in Table  2. These errors demonstrate that while our 
model addresses dominant physics, is not suitable for determining exact 
buckling load and stiffness quantities given a weave design. 

We observe that our critical force model underestimates the buck-
ling load (Fig.  5). The buckling knockdown factor we use in our 
derivation for 𝑃𝑐𝑟,ℎ in Eqs. (2) and (3) corresponds with axisymmetric 
sinusoidal imperfections, making it the ‘‘worst case scenario’’ reduction. 
Since we are using this formula on short cylindrical columns with 
a length–radius ratio 𝐿∕𝑅 < 1.5, our predictions are expected to 
underestimate the actual buckling load [8,18].

Additionally, our model accounts for the axial curvature effects of 
vertical weavers in predicting stiffness (Eq. (6)), but not directly when 
predicting buckling load. We believe that curvature greatly affects 
stiffness, and may also affect buckling load.  We note from our results 
on buckling mode that local buckling occurs in columns composed 
of vertical weavers with greater curvature induced-stiffening relative 
to their characteristic length (larger vertical weaver width, smaller 
horizontal weaver width). Local buckling directly causes a reduction 
of curvature induced-stiffening, forcing weavers to buckle more closely 
to the sinusoidal shape assumed by our model. Because of this local 
buckling, the model is still predicting reasonable trends when vertical 
weavers are wider and local buckling occurs. However, since the shape 
of the vertical weavers is not perfectly sinusoidal in these cases, the 
model may be less accurate when curvature-induced stiffening and 
local buckling occur.  This effect could explain the larger error for 
𝑤𝑣 = 40 in Fig.  5d.

Our model relies on the assumption of linearity in order to add 
horizontal and vertical weaver effects for buckling force and stiffness. 
Due to this assumption, our model is limited to weaver materials 
with low friction which do not exhibit nonlinear mechanical coupling 
between weavers. We validated our model using Mylar, which has a 
coefficient of friction of 0.5. We do not believe that our model would 
produce accurate results for materials with much higher coefficients of 
friction, as these materials may exhibit more nonlinear weaver–weaver 
interactions. 

5.2. Evaluation of experimental data

We are able to use our experiment to evaluate multiple assumptions 
of our analytical model. We are able to visually identify that the 
vertical weavers deform in an approximately sinusoidal shape lead-
ing to buckling, which is a key assumption in our models for both 
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Fig. 6. Log–log scale: Influence of design parameters on the stiffness of woven columns. Stiffness with respect to: a. Vertical weaver thickness, b. Horizontal 
weaver thickness, c. Column height, d. Vertical weaver width, e. Horizontal weaver width. f. Schematic of all design parameters.
buckling force and stiffness. We observed slipping between vertical 
weavers when 𝑤ℎ is small, which causes weak spots resulting in a 
lower experimental critical force and stiffness. This differs from our 
model assumption that tight weaving results in independence between 
vertical weavers, and causes our model to be less reliable for small 𝑤ℎ. 
Our experiments support our assumption that vertical and horizontal 
weavers can be approximately modeled in parallel  when there is low 
friction between weavers, as adding the respective critical force and 
stiffness components results in trends similar to the experimental data.

We observe much larger relative error within our experimental 
data regarding stiffness than for buckling force. We believe that the 
magnitude of these error bars is due to differences in the amounts of 
prebuckling experienced throughout the column. In the ideal scenario, 
every weaver experiences prebuckling by the same amount before 
buckling. In reality, some weavers remain straight for a longer period 
of time than others before buckling. This difference greatly impacts the 
standard deviation between stiffness calculations of different samples, 
resulting in very high error.

5.3. Next steps

Our initial study on buckling modes serves as a baseline for future 
work, in which the transition between buckling modes will be statisti-
cally analyzed and quantified using full-field finite-element simulations. 
Additionally, this future study can be used to quantify whether other 
parameters such as weaver thickness play a role in buckling mode 
behavior.

6. Conclusions

We created analytical models that predict the buckling force and 
stiffness of cylindrical woven columns made from a tight planar weave. 
The models are based on the geometry of the columns and basic me-
chanics principles, which makes the models versatile and simple to use. 
The models have been validated with experimental data considering 
different parameters, including weaver widths, weaver thicknesses, and 
column height. Our models explain the underlying mechanics behind 
buckling force and stiffness trends in woven structures and serve as a 
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closed-form tool for design. We determined that while both vertical and 
horizontal weavers contribute to the overall column buckling force and 
stiffness, in some cases one or the other will have a larger influence 
on tuning a specific property. When thickness of either horizontal 
or vertical weavers is increased, both the buckling capacity and the 
stiffness increase. When we increase the width of horizontal weavers, 
the buckling capacity remains constant and the stiffness decreases. 
When we increase the width of vertical weavers, the buckling capacity 
decreases while the stiffness increases. Our results can inform design 
for efficient material use by identifying which weaver parameters can 
be changed to achieve a desired structural property.

We established predictive guidelines for the buckling mode of a 
column. We categorized a column’s buckling mode as local if the 
column experiences local maxima in its force–displacement curve be-
fore buckling. A column’s buckling mode is categorized as global if 
the column does not experience local maxima before buckling. These 
modes are largely dependent on horizontal and vertical weaver widths, 
and the transition between modes can be described by a relationship 
between horizontal and vertical weaver widths. Our initial experiment 
demonstrates that columns with larger vertical weaver widths and 
smaller horizontal weaver widths typically experience local buckling. 
Columns with smaller vertical weaver widths and larger horizontal 
weaver widths typically experience global buckling where the structure 
deforms into a diamond pattern.

Our findings serve to guide the design of woven structures such that 
favorable behaviors and buckling modes can be achieved, and buckling 
load and stiffness can be analytically calculated. These hierarchical 
woven structures have potential for future engineering applications in 
soft intelligent robots, flexible metamaterials, customizable wearable 
devices, and more.
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